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The behavior of the line shapes of the radio-frequency size effect has been observed in cad-
mium both below and in the vicinity of the surface-impedance singularities as a function of sur-

face condition and temperature.

It is shown that recent theoretical line~-shape calculations based

on phenomenological parameters give quantitative and qualitative agreement with experiment,
and on the basis of this, inferences on the role of surface scattering in measurements of the
radio-frequency surface impedance are outlined. Comments concerning the implications of the

present results on past measurements are given.

1. INTRODUCTION

In the past several years, the radio-frequency
size effect (RFSE)"? has become an important and
widely used method for investigating the Fermi
surfaces (FS) of high-purity metals. This technique
involves the measurement of the radio-frequency
(rf) surface impedance of a thin slab of a high-puri-
ty metal as a function of the dc magnetic field ap~
plied in the plane of the slab. At magnetic field
strengths such that a large number of electronic
orbits just span the sample thickness, a disconti-
nuity in the surface impedance is observed. Through
the use of the Lorentz equation, one can then relate
real space-orbit dimensions to corresponding FS
dimensions in k space in order to extract an extre-
mal caliper of the FS. The necessity of interpret-
ing the various line shapes which occur has been
inherent in these studies. In particular, which
point of the observed singularity corresponds to the
actual FS caliper has been a central problem. In
this pursuit, theoretical solutions of the boundary

value problem have been attempted under various
assumptions to try to bring into focus the mecha-
nisms involved in selecting the particular electron
orbits which give rise to the observed signals. In
lieu of a definitive theoretical treatment, some in-
vestigators have exploited an observed frequency
dependence of the line shapes by using extrapolation
methods to obtain caliper values, while others have
relied upon the implications of the existing theory,
supported by some qualitative agreement found in
its general ability to produce a reasonable facsimile
of the observed RFSE singularities. Notwithstand-
ing the difficulty in ascribing relative accuracy®=®
to these two techniques, there is yet another prob-
lem involved in that the line shape for a given cal-
iper may vary drastically under seemingly identical
experimental conditions.®" Furthermore, although
not central to the issue of caliper point assignment,
there remains an associated question concerning the
magnetic field dependence of the surface impedance
at fields well below that at which the RFSE singu-
larity occurs. The present investigation was made
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in an effort to resolve some of the apparent dis-
crepancies observed in the line shapes occurring in
high-purity cadmium metal under RFSE conditions
in an attempt to define more clearly the general as-
pects of the over-all rf surface-impedance depen-
dence upon applied magnetic field within the bounds
of available theory.

The first theoretical treatment of line shapes was
by Kaner and Fal’ko (KF).® In their approach, KF
consider the particular case of unilateral excitation
in which the applied rf electric field is present only
on one face of the sample slab. The electric field
distribution in the metal was calculated using an ex-
ponential-decay approximation under the assump-
tions of a spherical FS and completely diffuse scat-
tering for surface trajectories. Surface trajecto-
ries are those electronic orbits which at some time
along their trajectory collide with a surface, as
opposed to bulk trajectories which never intersect
the metal surface. The results of the KF theory
gave some qualitative agreement with the line shape
reported in potassium by Wagner and Koch (WK)%®;
however, the extent of the differences which may
arise for a given RFSE line on samples with differ-
ent mean free paths was pointed out by Peercy
et al.” in analyzing their data on potassium. The
line shape of the latter workers shows little re-
semblance to that in Refs. 6 and 9 even though the
two experiments were performed with essentially
equivalent experimental apparatus. More recently,
Tsoi and Gantmakher (TG)'® have reported observ-
ing line-shape variations in K as a function of both
mean free path and sample thickness. The failure
of the KF theory to resolve such differences con-
stitutes a serious limitation on its reliability.

Recently, Juras'! has obtained numerical solu-
tions to the problem from which line shapes for a
variety of experimental conditions may be calculated
including the case of bilateral antisymmetric exci-
tation in which the rf electric field is applied in op-
posite directions on either side of the sample. In
two successive papers, %' he proposes the possi-
bility that surface scattering may play a significant
role in contributing to the over-all surface imped-
ance and explores this by extensive numerical cal-
culations. The calculations are carried out in
terms of a specularity function S(6) and an ineffec-
tiveness parameter 7. These parameters describe,
respectively, the probability of specular scattering
as a function of incident angle 6 for surface trajec-
tories and the ratio of mean free paths of surface
trajectories to bulk trajectories. Though phenom-~
enological in content and microscopically incom-
plete, the model nevertheless apparently succeeds
in resolving such differences in line shape as those
observed in potassium, as well as pointing out fur-
ther disparities in line shapes which may be ex-
pected within the bounds of the theory.
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In Secs. II-1IV, the technique used for the measure-
ments in Cd is described, followed by a discussion
of the results in the light of the theory. Finally,
some comments on the implications of the present
results on past measurements are made.

II. EXPERIMENTAL METHODS

Cadmium was selected for this study for two rea-
sons: The sample preparation is relatively easy
and the FS of cadmium is well known.* Cadmium
single-crystal slabs approximately 1 mm thick were
cut with an acid saw from a bar of 99. 9999%-plre
Cd. These rough~cut slabs were aligned by Laue
back-reflection photographs so that the surface nor-
mal was along the desired axis to within 0.5°. They
were then planed flat on one side by spark erosion
without removal from the x-ray goniometer. The
slab was then removed from the goniometer and the
goniometer table was planed flat. The slab was
placed planed-side down on the goniometer table
and attached by conductive silver aerosol spray,
care being taken not to allow any spray to run be-
neath the slab. Then the opposite side was planed
parallel to the first with a final slab thickness of ap-
proximately 0. 5 mm. The thin layer of spark-
damaged surface was removed by etching the slab
for about 30 sec in a bath of 70% nitric acid at 0°C.
Finally, samples 5X 5mm were cut from the
slabs to remove the edges which became rounded
during the etching process. The final sample sur-
faces ranged in condition from very smooth to ex-
tremely rough. Qualitative comparisons were done
on a scanning electron microscope with magnifica-
tions up to 1000x.

The measuring apparatus has been described pre-
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FIG. 1. Recorder tracings on a typical Cd sample over

a period of 15 days giving dR/dH in arbitrary units vs
H/H,;, Ratio of the amplitude of the first peak to the am-
plitude of the first dip is shown for each. Data were taken
at 1. 2°K with #1[1120], H Il [1010], f=12.0 MHz, and H,
=85.1 G.
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FIG. 2. Theoretical curves taken from Ref. 13 giving
the expected change in dR/dH vs H/H, as a function of the
ineffectiveness parameter 7 for bilateral antisymmetric
excitation.
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viously by Steenhaut and Goodrich. '* A digital rf
frequency counter was added to the detection cir-
cuitry for studies of the frequency dependence. This
apparatus allows both the first and second harmonic
of the impressed modulation frequency to be de-
tected. The sample was placed in a preformed coil
wound on a Formica form of dimensions slightly
larger than the sample. In this way, reasonable
uniformity in the filling factor of the coil could be
maintained through repeated use of the same coil
and sample size. The coil formed the inductive
element in a modified version of the high-level
marginal oscillator providing bilateral antisymmet -
ric excitation of the sample. The sample was im-
mersed in a liquid-helium bath, the temperature of
which was controlled by pumping through a dia-
phragm-type pressure regulator.

III. RESULTS AND DISCUSSION

All of the RFSE line shapes which will be dis-
cussed arise from the third-band electron sheet
(lens) of the Cd FS. Since this portion of the FS
comprises one-half of the carriers iu Cd and there
is only one band of extremal orbits on it for any
orientation of the field, it dominates the surface
impedance in these measurements. In Fig. 1, re-
corder tracings of the derivative of the real part
of the surface impedance, dR/dH, as a function of

(@) R R
FIG. 3. (a) Theoretical curves taken
from Ref. 12 giving the predicted R-
vs-H dependence as a function of “criti-
cal angle” 0, for bilateral antisym -
metric excitation. (b) Derivatives of
the curves in (a).
b) 4R dR
( ) dH dH
]
0.0 10 20 0.0 1.0 20
H/Hyg H/Hg
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FIG. 4. Recorder trac-
ings of the RFSE arising
from the lens orbit in Cd
in the configuration #ll
dR [1120], H I [0001]asa func-
dH tion of temperature. Curve
at 1.2°K is reduced by a
factor of 4 in gain. Oscil-
lator frequency was 5.2
36°K MHz and H, =202 G.
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applied field are shown. These data were collected
on a typical sample over a period of 15 days. The
original condition of the sample surfaces was shiny
with a typical lemon-peel texture. Once placed in
the Dewar, it was not removed for the duration,
although recycling to room temperature occurred
on several occasions., The striking change in line
shape for all values of field from H/H,=0 to H/H,
=1.1 from day 1 to day 15 under uniform experi-
mental conditions clearly indicates the existence of
underlying factors involved in RFSE line formation.
Here H, corresponds to the field at which the orbit
exactly spans the sample thickness. In fact, upon
removal of the sample on day 15, surface deteriora-
tion was clearly visible, implying that the contrast-
ing line shapes were reflecting a change in surface
character. The theoretical curves from the Juras
theory for the expected change in dR/dH as a func-
tion of the ineffectiveness parameter n are shown

in Fig. 2. As 7 decreases, the predicted line-shape
behavior is that of increasing peak-to-dip-amplitude
ratio, culminating in the loss of the initial dip. The
measured change in the peak-to-dip-amplitude ratio
Ap/Ap, listed adjacent to each of the corresponding
experimental curves in Fig. 1, shows that this be-
havior is observed here, as seen previously in the
data on K of Refs. 6-9 and discussed in Ref. 13.

A further aspect of the experimental curves of
Fig. 1 is the change in the nature of the RFSE lines
below H/H,=1. The distinct roll over in dR/dH at
H/H,~ 0.2, seen in the two upper curves, gives way
to a monotonically. decreasing line in the lower
trace. This behavior at fields below H/H,=1 bears
strong resemblance to the curves predicted by the
Juras model as a function of the specularity func-

LINE SHAPES...
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tion S(0) and the additional device of a “critical
angle” 6,.'? The predicted R-vs-H dependence as
a function of 6, for two values, 6,=0.2 and 37 rad
taken from Ref. 12, is shown in Fig. 3(a) and the
corresponding derivatives in Fig. 3(b). Basically,
S(0) describes the nature of surface scattering as
a function of incident angle 6 through the definition

S(6)=1 completely specular,
S(0)=0 completely diffuse,

and 02 5(6)<1 is used parametrically. The incor-
poration of a “critical-angle” parameter 6, allows
the additional degree of freedom for a possible
change over the conditions of dominantly specular
scattering for 6 < 6, to that of dominantly diffuse
scattering for 6 >0, By definition, S(6,=0)=1 and
S(6o=37) =0 for all 6. Comparing Figs. 1 and 3(b)
clearly shows the similarity for H/H,< 1 between
the top two experimental curves and the predicted
curve for 6,=0.2 rad. Further, the predicted curve
for completely diffuse scattering, 6,=%7, shows the
same monotonic decrease for H/H,<1 as the exper-
imental curve associated with the deteriorated
sample surface.

Another observed line~-shape variation which
seems to be associated with the functional depen-
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dH
36°K
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FIG. 5. Recorder tracings of the RFSE arising from

the lens orbit in Cd in the configuration # i [1130], H I
[1070] as a function of temperature. Curves at 3.6 and
1.2°K are reduced by factors of 2 and 20, respectively.
Oscillator frequency was 5.2 MHz and H;=72.5 G.
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(a)

—fosle—

(b)

FIG. 6. (a) Real-space trajectories of the Cd lens
extremal orbits in the configuration 7l [1120], H ll[10T0].
(b) Real-space trajectories of the Cd lens extremal orbits
in the configuration 7l [1120], H I [0001].

dence of mean free path upon temperature is shown
in the experimental tracings of Figs. 4 and 5. The
data were taken from two samples having identical
surfaces as observed under a microscope. The
real-space lens trajectories giving rise to the two
lines are illustrated in Fig. 6. The salient point
here is the significant change in line shape ex-
hibited in Fig. 4, particularly the magnitude of the

leo

first dip, as opposed to the relatively lesser
changes in Fig. 5. The change in mean free path
as a function of temperature can be expressed
through the use of the parameter « defined as the
ratio of bulk mean free path to sample thickness
1/d. Since the bulk mean free path in these sam-
plesincreases from =~ 1 to # 4 mm as the temperature
is reduced from 4. 2 to 1.2 °K, '® this corresponds
to a change from k=2 to k=8 for the above data.

In Figs. 7(a) and 7(b), the theoretically predicted
behavior of R vs H from the Juras model as a func~
tion of kis shown for the cases of completely specular
and completely diffuse surface scattering for k=1
and 4; Figs. 7(c) and 7(d) show the corresponding
derivative curves. The similarities between exper-
imental and theoretical curves for the two values

of k are quite evident. Along with the exaggerated
changes predicted for the diffuse case, Fig. 7(d)
also shows an expected line narrowing in the spec-
ular case as k increases. It is to be noted that both
of these calculated results are consistent with the
experimental data of Figs. 4 and 5. Upon compar-
ing the two different-type trajectories shown in

Fig. 6, it is seen that trajectories in the samples
with HiI[1010] and which exhibit a specular line
shape have a much larger radius of curvature than
the case where HI[0001] and a diffuse line shape is
observed. For those portions of the trajectories
which lie entirely within the skin depth between col-
lisions with the surface, the angle of incidence with
the surface is much smaller with Hil[1010] than with
HI[0001]. This result is consistent with the theo-
retically proposed angle-dependent specularity func-

K=4

FIG. 7. Theoretical curves taken from

(a)

(b. = Ref. 13 giving the expected change inbe~
) havior of R vs H as a function of « for
(a) completely diffuse and (b) completely

2%
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—
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specular surface scattering for bilateral
antisymmetric excitation., Correspond-
ing derivatives are shown in (c) and (d).
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FIG. 8. Recorder tracing of dR/dH vs H for the low-
field microwave surface 1mpedance of a Cd sample in the
configuration Hi (10701, EU{0001] at 1.2°K using a 35-
GHz spectrometer. Apparent surface-state transitions
are clearly evident as high as H=70 G.

tion in which the nature of the scattering is deter-
mined by the angle of incidence. An angular depen-
dence for specular reflection has been previously
noted by Koch and Murray in their microwave work
on Ga and Sn. V"

As mentioned previously, TG have reported line-
shape variations in K as a function of both mean
free path and sample thickness.! Although these
in part were related to limiting-point trajectories
in the tilted-field RFSE geometry (see, e.g., Ref.
2), the results of the measurements in the parallel-
field geometry are pertinent to the present discus-
sion. The change in line shape observed by TG in
Ref. 10 as a function of mean free path in the tilted-
field geometry appears to be similar in several re-
spects to those reported here for the case of diffuse
scattering, namely, a marked increase in the prom-
inence of the first dip at the onset of the RFSE for
a given sample thickness as the temperature is de-
creased. Moreover, the line-shape variations illus-
trated by TG as a function of sample thickness in
the standard geometry bear evident similarities
to the k-dependent variations reported here for
diffuse scattering.

Finally, in an effort to explore further the impli-
cation that surface scattering may contribute sig-
nificantly to the RFSE line shape, low-field micro-
wave surface-impedance measurements were made
on a Cd sample (11 [1120]) with a surface identical
to those previously described. The resulting re-
corder tracing of BR/aH vs H showing several series
of peaks for H I [1010], El [0001] at 1.2 °K, using
a 35-GHz spectrometer, is shown in Fig. 8. Such
oscillations in the low-field microwave surface
impedance have been explained theoretically by Nee
and Prange (NP)'® in terms of transitions between
quantum surface states,'® the existence of which is
dependent upon the specular nature of surface scat-

3091

tering for grazing incidence trajectories giving rise
to “skipping” orbits.!” Although analysis of these
results is incomplete at present, their observation
alone is satisfying. The appearance of peaks as
high in fleld as 70 G in the one case illustrated in
Fig. 8 for 7 11[1120], El [0001] gives ample evidence
within the bounds of the NP theory that skipping or-
bits can be sustained in these samples as high in
tield as H/H, =1 for the trajectories of the type
illustrated in Fig. 6(a).

IV. CONCLUSION

The cataloged behavior of RFSE line shapes both
below and in the vicinity of H/H, =1, presented here
as a function of surface condition and temperature,
shows good agreement with theory. The quantita-
tive and qualitative similarities between the experi-
mental and theoretical curves show that the charac-
ter of the sample surface strongly affects the RFSE
line shape in a way which is theoretically predictable
through the use of a phenomenological model incor-
porating a specularity function S(9) and an ineffec-
tiveness parameter 7. The proposed mechanism
of “skipping-orbit” contributions to RFSE line shapes
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FIG. 9. (a) Dependence of linewidth on (w/2m)1/3 for

two different Cd samples at 1,2°K. The linewidth AH is
divided by the square of the critical field, constant for

each curve, (b) Typical recorder tracings of dR/dH vs
H for the two samples. Both traces were taken at 12,2

MHz.
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FIG. 10. Temperature dependence of the amplitudes
of two RFSE lines in Cd, both of which arise from the
lens orbits. Curve Iis for the configuration 7l [1120],
HI [1010] and II is for 71l [1130], HI [0001]. Amplitudes,
as defined in Sec. IV of the text, are normalized at
4.2°K and plotted on a linear scale. Data were taken at
12.2 MHz.

is made plausible on the basis of the experiment-
theory agreement coupled with the additional low-
field microwave surface-impedance measurement
data which show the existence of quantum surface
states, hence skipping orbits, at fields approaching
H/H,=1 in the cases reported here.

In view of the results obtained from the tempera-
ture- and surface-condition studies, it appears that
the theory gives a reliable choice for assigning
critical-field values to RFSE singularities, namely,
the field value at which the first maximum rate of
deviation in R is observed.!? The equity of this as-
signment is further borne out by the successful
comparison of calipered FS cross sections in Cd,
Zn, and T1 with the corresponding de Haas-van
Alphen data. In this regard, it is noted here that
in the course of this investigation, a deviation from
the generally expected AHx ™!/3 relationship®?2
was observed. This deviation was also noted previ-
ously by Haberland and Shiffman (HS) 2 from their
measurements on Ga. Plots of AH/H: vs (w/27)1/°
for two samples are shown in Fig. 9(a), and their
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over-all dR/dH field dependence in Fig. 9(b) for
one of the frequency points. Based on the previous
discussion in which curves of the character of Fig.
9(b) curve Imaybe classified as specular types and
those of Fig. 9(b) curve Ilas diffuse types, there is
evidence that surface scattering affects the frequency
dependence of the linewidth in such a way as to
alter the AHx »™'/? relationship. Recently, this
relationship has been used to extract calipers from
RFSE data.’ The present data indicate, however,
that caliper values obtained by this type of extrapo-
lation may be dependent on sample surface condi-
tions and orbit geometry.

As a final note, Fig. 10 is a plot of the RFSE
line amplitude as a function of temperature for the
data from which the curves of Figs. 4 and 5 were
taken. Here, the amplitude is defined as the dif-
ference between values of dR/dH taken at the first
two prominent extrema of the RFSE line. The re-
sulting curves graphically display the predicted
behavior of line~shape dependence upon k and surface
scattering, namely, that diffuse types are to show
dominant increase in amplitude of the first dip over
the rest of the line while specular types are to show
little change except for a possible decrease in the
amplitude of the first dip. These curves are similar
to those reported by HS? for gallium. Their analy-
sis, however, was based on a different model from
which they extracted the temperature dependence of
the mean collision time 7 and the cyclotronfrequency
of the electronic orbits on different FS sheets.
Their model is based on the idea that the phase
shift of the rf field between successive orbits of
electrons which traverse both skin layers at least
once produces a change in the total current in each
skin layer. According to this model, different FS
sheets having different mean collision times would
suffer different losses as a function of temperature
and this mechanism would produce the results re-
ported. In the cases shown in Fig. 10 for Cd, both
curves are due to the same FS sheet, in which case
the HS model breaks down. The effect of the phase-
shift mechanism upon which their model is based
is similar to that mentioned by Juras in which inter-
ference between currents produced by bulk trajec-
tories and surface trajectories produce changes in
line shape as a function of k and surface scattering.
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The energy bands of Cu have been calculated self-consistently through use of the improved
exchange approximation of Herman, Van Dyke, and Ortenburger (the so-called X,z method).
The resulting bands are compared with the self-consistent energy bands calculated by the X,
method with @ =1.00, #, 0.721, and 4. The X, and X,z energy-band widths (s-p, d) are com-

pared with photoemission data.

The differences between the energy-band calculations and the

atomic calculations are described. A brief discussion is given of the role of the virial theorem

and the variational principle.

I. INTRODUCTION

Since Herman' proposed the improved approxi-
mation (X,,) for the exchange operator, there have
been several atomic calculations® * incorporating
it. Herman has shown? that the total energies of
atoms calculated via Hartree-Fock (HF) theory
using X,s orbitals are in better agreement with
HF total energies (determined from HF orbitals)
than are HF total energies calculated from X, or-
bitals. It has also been shown that the parameter
B (with a=2%) in the X,s method is less sensitive to
atomic number (z) and the Latter potential shift in
atomic systems than is the parameter « of the X,
scheme.? In this paper we present the results of
a calculation for which the X,; method was pro-
posed, the energy-band structure of a crystal.

In Sec. II, a discussion is given of the statistical
exchange methods (X, and X,;), and the difference
between X,, calculations in atoms and in crystals
is pointed out. In Sec. III, we give the results of
.a self-consistent calculation of the energy-band
structure of Cu using the X,; exchange approxima-
tion. In that section we also compare the results
of this calculation with the self-consistent energy
bands of Cu calculated by the X, method for

@=1,00, ¥, 0.721, and 2. In Sec. IV the role of
the virial theorem and the variational principle in
these statistical exchange approximations is dis-
cussed.

II. METHOD

In the X, method, the local one-electron ex-
change operator is written as

Vi) =aV,(»),
where
Vys(v)= = 6[37/8p(1)]"/*

is the Slater exchange,’ and p(#) is the electronic
charge density of the system. In the X, method,
the constant o can be determined for a given atom
by generating a set of orbitals {®(a)} that mini-
mizes® the Hartree-Fock total energy EHF, i.e.,

Gmin™ {Q(amin)}" EHF[ <I’(O‘min)] ’

where E*F [®(ay,,)] is total HF energy calculated
with X, orbitals. Kmetko’ has obtained in this
manner a set of a,,’s for all the atoms in the
Periodic Table. Since  is considered to be the
correct value of o for a nearly homogeneous elec-
tron gas,® deviations from this value may be con-



